Abstract-This paper proposes a new method to handle distribution transformers of various winding connections in the backward/forward sweep-based power flow analysis for unbalanced radial distribution systems. The method takes advantage of available nodal admittance matrices of distribution transformers, and can automatically solve the problem of conductively isolated subnetworks to obtain their equivalent phase-to-reference voltages. In addition, this paper presents a limitation of backward/forward sweeps, and an extension of the power summation method for distribution power flow analysis from single-phase to unbalanced three-phase. The validity and effectiveness of the proposed method can be demonstrated by numerous examples and real systems.
I. INTRODUCTION
A S IS well known, distribution systems have a relatively unbalanced nature, which typically results from a mixture of 3-phase, 2-phase, and single-phase system components (including unbalanced loads and shunts). This unbalanced nature makes it difficult to generate the decoupled sequence networks for the distribution power flow analysis. Consequently, it is convenient to employ phase coordinates for the solution of the unbalanced distribution systems.
In the past decades, several methods for the distribution power flow analysis havebeen used and documented [1] - [15] , [17] , [22] . These methods can be categorized as the -based methods [2] , [5] , the backward/forward sweep-based methods [3] , [4] , [6] , [8] , [17] , [22] , and the Newton-Raphson-based methods [7] , [10] - [13] , [15] . Generally speaking, the backward/forward sweep-based methods and some of Newton-Raphson-based methods (such as [4] , [7] , [12] ) are relatively simple to implement, and are able to take full advantage of the radial structure of distribution systems, in order to achieve fast speed, robust convergence, and low memory requirement.
In the backward/forward sweep-based methods, the problem of how to handle distribution transformers of various winding connections is the key to the unbalanced systems of multivoltage levels. The authors of [14] , [16] , and [18] - [24] present the nodal admittance matrices of distribution transformers for common, and some of the less common, winding configurations, but their implementation in the backward/forward sweep-based power flow analysis is either unsatisfactory [5] , [14] or difficult to employ [9] . The authors of [9] propose an algorithm that combines the limit processes of calculus and linear circuit analysis. The methods in [5] and [14] have a numerical instability problem. For example, the tables in [5] show the results of from the first to twelfth iterations, which still do not reach the tolerance of 0.0001. The authors of [17] , [22] and [23] employ different approaches to model distribution transformers in a branch current based feeder analysis. But they need to derive the individual formulae for different winding connections from scratch. In addition, they do not address some significant winding connections (such as the grounded wye-delta). Those connections can result in the currents (on the primary side) being functions of the voltages on both sides of a transformer. In this paper, the authors address the detailed usage of nodal admittance matrices of distribution transformers in the backward/forward sweep-based power flow methods. The resulting algorithms can produce not only the same phase-to-ground voltages as those in [9] , [14] , but also satisfactory convergence characteristics. Note the phase-to-ground voltages in the ungrounded portions of the circuit depend upon the selection of a reference point. The proposed method can automatically select a neutral point or ground as a reference point like [9] or [14] . The resultant equivalent phase-to-reference voltages are the phase-to-ground voltages in the coupling-free equivalent circuits of distribution transformers (such as the equivalent circuit in Fig. 1) . Moreover, the authors present a limitation of backward/forward sweep-based power flow methods, and a new set of formulae for the three-phase power summation method by extending the power flow methods in [4] from single-phase to unbalanced three-phase. However, the authors will not describe the detailed component models except for those of nodal admittance matrices of distribution transformers.
In Section II, a basic algorithm for radial distribution systems is explained and formulated, and in Section III, the detailed algorithms of implementing the nodal admittance matrices of distribution transformers are developed and described. In Section IV, numerical examples demonstrate the validity and effectiveness of the proposed method. 
II. BASIC ALGORITHM

A. Element Ordering
An element ordering scheme is used to represent a radial network topology by using references from an element to its supplying element, in order to efficiently perform the backward/forward sweep-based power flow calculations. Currently, several element-ordering schemes [1] , [4] , [6] , [8] are available. However, we use the element oriented ordering scheme in [6] , because it appears more efficient.
B. Basic Algorithm for Radial Distribution Systems
The basic algorithm for radial distribution systems is mainly to deal with feeder segments (excluding transformers). This algorithm is an iterative process, which primarily consists of four steps described below.
1) Calculate Bus Current:
(
where total three-phase injection currents at bus ; three-phase injection currents corresponding to the shunt elements of constant impedance at bus ; three-phase injection currents corresponding to constant power loads at bus ; three-phase injection currents corresponding to constant current loads at bus . In this paper, we will not discuss how to calculate the three current injection components , , and , since they have been well addressed in relevant text books/references (such as [23] ).
2) Backward Sweep: Starting from the line segments connected to the far ends and moving toward a certain swing bus, the currents and powers through line segment (with its receiving end being bus ) can be calculated as follows.
a) Sum Up Line Segment Currents:
where set of line segments connected to bus ; three phase currents through line segment ; , , three phase voltages at bus ; , , three phase powers at the sending end of line segment . Note that the negative sign in (2) is to keep consistent with the current injections calculated by (1) .
b) Calculate the Powers Entering Line Segments: The powers at the sending end (say bus ) of line segment can be calculated by (3) where (4) As in [8] , the matrix in (4) represents the series impedance of a feeder segment.
By comparison, [4] first computes the line segment power loss using the expression of , and then the power at the sending end. Because of the mutual coupling between unbalanced three phases, the simple expression above cannot be directly used, and thus, (3) and (4) are employed instead to compute the .
3) Forward Sweep: Starting from the line segments connected to the source bus (or a swing bus) and moving toward the line segments connected to the far ends, the currents at the sending end of line segment and then the voltages at its receiving end are calculated. c) Compute the Currents: The currents of line segment are computed by (5) where , , and are the three phase powers at the sending end of line segment .
d) Calculate the Voltages at the Receiving End:
The voltages at the receiving end of line segment are calculated by (6) 4) Calculate Voltage Mismatches: After the three steps above are executed during each iteration, the voltage mismatches for all phases at each bus (say bus ) are calculated by (7) where denotes iteration . If any of these voltage mismatches is greater than a convergence criterion, steps 1), 2), and 3) are repeated until convergence is achieved.
III. IMPLEMENTATION ALGORITHMS OF NODAL ADMITTANCE MATRICES FOR TRANSFORMERS
The nodal admittance matrices are often employed in many applications of power systems. In this section, the nodal admittance matrices for distribution transformers of different winding configurations are implemented into a backward/forward-based power summation method.
A. Nodal Admittance Matrix Model of Transformers
The nodal admittance matrix model for a three-phase distribution transformer can be represented by (8) where three-phase current injections on the primary side; three-phase current injections on the secondary side; three-phase voltages on the primary side; three-phase voltages on the secondary side; and , , , are the submatrices of the nodal admittance matrix of the transformer. The authors of [14] [18] . The authors of [21] presents the phase coordinate models for five asymmetrical three-phase distribution transformer banks (i.e., GY-D, Y-D, D-D, U-V and V-V) with mid-tap connected to the secondary neutral conductor; the models in [20] are proposed for the single-phase, V-, and Scott connections of transformers; the phase-coordinate transformer models in [24] can take into account the effects of inter-phase coupling, particularly the lowered impedance of three-phase units to zero-sequence magnetizing currents. If necessary, the nodal admittance matrices for other particular types of transformers can also be developed using the methods in [16] , [20] or [24] .
For example, the nodal admittance matrix for the connection of delta-grounded wye is given in [14] by (9) where is the leakage admittance; and are the off-nominal tap ratios on the primary and second sides, respectively. The coupling-free equivalent circuit of (9) is shown in Fig. 1, where , , .
B. Algorithm of Backward Sweeps
The basic algorithms are similar to those for ordinary feeder segments. However, not only and (on the secondary side), but also (on the primary side) may be used to calculate the primary injection powers .
1) Sum Up Line Segment Currents:
If the secondary side of transformer is connected to bus , we have (10) Note that the reference directions of point toward the transformer.
2) Calculate Intermediate Primary Voltages:
The intermediate primary voltages are only to calculate the power injections on the primary side. The are just the primary voltages that are calculated in backward sweeps, and can, from (8), be found by (11) where (12) It is important to note the submatrix in (11) or (8) is often singular (such as in the case of grounded wye-delta or delta-delta connection) so that in (11) cannot be directly computed through the inverse of . In this situation, two of the three linearly dependent equations in (11) can be solved simultaneously with a third equation, which can be given by (13) For example, we may take the admittance matrix of (9) and choose the first two equations in (11) as follows: (14) (15) Equation (13) implies that any phase voltage resulting from (13)- (15) will be the sum of only positive and negative sequence components, which is represented by the , or . The corresponding zero sequence voltages on the primary side can be found using the primary voltages (calculated in forward sweeps) by (16) Thus, for a singular , we finally have (17) Note that we use the sequence components to obtain (17), which is necessary for implementing some transformer connections.
3) Calculate Power Injections: From (8), the power injections on the primary side can be calculated by (18) where (19) Note that the above may be functions of the voltages on both sides of the transformer for the situation of singular by reason of (16) and (17) . That is significant in that only the voltages on the primary side can produce the zero sequence currents (on the primary side) for some transformer connections (such as the grounded wye-delta).
C. Algorithm of Forward Sweeps 1) Calculate Primary Current Injections:
The current injections on the primary side can be given by (20) 2) Calculate Secondary Voltages: (21) Note (21) may also have the problem of singular (depending on winding connection). If so, a similar approach of (13)- (15) can be used to find the , and containing only positive and negative sequence components, whereas the zero sequence voltage on the secondary side can be calculated below.
3) Calculate : If is singular and is nonsingular (such as in the case of delta-grounded wye), can be found by (22) where (23) If both and are singular (such as in the case of grounded wye-delta), is entirely a function of downstream grounding conditions (with the zero sequence current being zero). If the downstream subnetwork contains no zero sequence current paths, is zero; otherwise (as shown in Fig. 2 ), it is difficult to directly compute in forward/backward sweeps for various downstream grounding conditions. Because of this limitation, an additional way of dealing with the downstream zero sequence subnetwork has to be employed to determine the . Luckily, the latter (such as a multigrounded subnetwork with an upstream ungrounded transformer/generator winding configuration) is on rare occasions in distribution systems, and thus is mostly zero.
Finally, for a singular , we have . Note that (22) has been derived from the sum of last three equations of (8) .
D. Modifications of Algorithms
For some transformer connections, the above algorithms of backward and forward sweeps cannot be directly applied and have to be accordingly modified. But the basic steps and considerations are still the same as above.
For example, the nodal admittance matrix for the connection of open wye-open delta can be given from [18] by (24) According to (8) and (24), (or ) is always zero and has nothing to do with and (because of the corresponding open wye winding connection). Thus, in backward sweeps, we should choose the first two equations in (11) as follows:
The and in (25) and (26) can be easily determined, and then are used in (18) and (19) to obtain and . In forward sweeps, the first two equations in (21) should be chosen together 
IV. NUMERICAL RESULTS
In this section, several example systems are used to test the proposed method on a microcomputer with a 500-MHz Pentium III processor.
A. Example I
A two-bus three-phase system in the closure of [14] is given in Fig. 3 as an example. For simplification, the transformer in the sample system is assumed to be nominal, therefore, the taps on the primary and secondary sides are equal to 1.0. In addition, the voltages of the swing bus, bus " ", are assumed to be 1.0 p.u., three-phase balanced. If the load is unbalanced, 50% load on phase A, 30% load on phase B, and 20% load on phase C, the results of the magnitudes and angles of bus " " of each iteration are shown in Table I . By comparison, [14] shows the results of from the first to fifth iterations, which still do not reach the tolerance of 0.0001. Fig. 4 
B. Example II
C. Example III
Hundreds of real distribution systems of different sizes have been tested for their execution time and convergence using the proposed method. These systems include those with heavily loaded conditions, and/or higher R/X ratios. Convergence has been reached for all the cases tested (and a monotonous convergence pattern has been observed). Three of these systems are reported below. Included are the voltage levels of 69000, 13800, 4160, 480, and 208 V. Almost every transformer in those systems is connected in the delta-grounded wye except that some of them are connected in the delta-delta and delta-wye. The results are shown in Table II in which cases 1 and 3 are balanced systems whereas case 2 is an unbalanced one. Table II also shows the results using a current summation method similar to that in [8] . In the current summation method for unbalanced systems, a transformer is treated in the same way as in the power summation method above, except that is substituted for the in (19) with (18) and (20) being ignored.
V. CONCLUSIONS
The main conclusions in this paper are drawn as follows.
• The existing nodal admittance matrices of distribution transformers can be efficiently implemented into the backward/forward sweep-based power flow methods for unbalanced radial distribution systems. The resulting algorithms can solve for the accurate phase shifting produced by different transformer winding connections, and automatically produce equivalent phase-to-ground voltages.
• A limitation of backward/forward sweep-based power flow methods is described for the distribution systems containing the zero sequence current paths with an upstream ungrounded transformer/generator winding configuration.
• A new set of formulae for an unbalanced three-phase power summation method is presented.
